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Abstract 

In view of the newly discovered and physically acceptable PT symmetric and non-Hermitian 
models, we reinvestigated the phase structure of the (g<t> 4 + h<fi 6 )i + i Hermitian model. The rein- 
vestigation concerns the possibility of a phase transition from the original Hermitian and PT 
symmetric phase to a non-Hermitian and PT symmetric one. This kind of phase transition, if 
verified experimentally, will lead to the first proof that non-Hermitian and PT symmetric models 
are not just a mathematical research framework but are a nature desire. To do the investigation, 
we calculated the effective potential up to second order in the couplings and found a Hermitian 
to Non-Hermitian phase transition. This leads us to introduce, for the first time, hermiticity as 
a symmetry which can be broken due to quantum corrections, i.e., when starting with a model 
which is Hermitian in the classical level, quantum corrections can break hermiticity while the the- 
ory stays physically acceptable. In fact, ignoring this phase will lead to violation of universality 
when comparing this model predictions with other models in the same class of universality. For 
instance, in a previous work we obtained a second order phase transition for the PT symmetric and 
non-Hermitian (—gcf) 4 ) and according to universality, this phase should exist in the phase struc- 
ture of the (gcf) 4 + hep 6 ) model for negative g. Finally, among the novelties in this letter, in our 
calculation for the effective potential, we introduced a new renormalization group equation which 
describes the invariance of the bare vacuum energy under the change of the scale. We showed that 
without this invariance, the original theory and the effective one are inequivalent. 

PACS numbers: ll.10.Kk, 02.30.Mv, ll.10.Lm, 11.30.Er, 11.30.Qc, 11.15.Tk 
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In a previous work we investigated the bro 
non- Hermit ian (— #0 4 ) quantum field model 



ten symmetry phase of the PT symmetric and 
l|. We found a second order phase transition 



with a zero critical coupling in the sense that both the mass parameter and the vacuum 
condensate goes to zero as g — > 0. Such kind of phase transition may be helpful in describing 
the so called quantum phase transitions (at zero temperature) |2j. Moreover, with a 6 
term, as we will explain later in this letter, this kind of phase transition may be helpful 
in simulating second order transition out of a collinear Neel phase to a paramagnetic spin 
liquid in two dimensional quantum antiferromagnets. 

Near a second order phase transition, it is well known that the <p 6 operator in the 
(<7<^ 4 + h(p 6 ) quantum field model (Hermitian) is irrelevant. Accordingly, the Hermitian 
(—g4> A + h<p 6 ) model has to show up the same phase discovered for {—g<j)^) theory. However, 



p~_) tneory. i 



in view of all of the previous investigations of the (g<j) 4 + h<p 6 ) model [J, |5|, |6|, |7[], no such 
phase has been discovered which wrongly leads to violation of universality. On the other 
hand, it has been shown that the double exchange Hamiltonian, with weak antiferromagnetic 
interactions, has a richer variety of first and second order transitions than previously antic- 
ipated, and that such transitions are consistent with the magnetic properties of manganites 
8|. The mean field description of this model shows a if 6 free energy 3]. Accordingly, one has 
to account for the missed phase (s) in the phase structure of the (gcj) 4 + h(p 6 ) field theoretic 
model. Moreover, the observed large baryon asymmetry requires natural law to obey, among 
other principles, out-of-equilibrium dynamics. This could happen in the standard model if 
there was a strong first order Electroweak phase transition [9(. One of the most promising 
techniques that results in strongly first order phase transition and also agree with the Higgs 
mass bounds is a (f> 6 Higgs self-interaction [9|. Accordingly, revisiting the (g<fi A + h(p 6 ) model 
to study all the possible phases is very interesting in different areas in Physics. 

In this letter, we show that the phase structure of the (gcfi 4 + h<p 6 ) theory is richer than 
expected in view of the newly discovered PT symmetric and non-Hermitian models 1(J 
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131 ] . To show this, we calculate the effective potential of the (g^ 4 + h<ft 6 ) model in (1 + 1) 



dimensions up to second order in the couplings g and h. The obtained effective potential 
is investigated for the possibility of the existence of a new phase. Indeed, this phase is 
certainly existing, however, turns the theory non-Hermitian but PT symmetric and thus the 
theory in this phase is physically acceptable. However, to have this phase, it leads us to the 
conclusion that hermiticity can be taken as a symmetry which can be broken or restored by 
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quantum corrections. Though hermiticity itself is an old terminology, its consideration as 
a symmetry that can be broken is new. 

Now, consider the Hamiltonian density, normal-ordered with respect to the mass m; 

H = N m (^- ((V0) 2 + tt 2 + mV) + ^ + ±A . (1) 

The above model is invariant under the operation H — > W . Let us write Eq.flT]) in a 
normal-ordered form with respect to the mass M = t ■ m, using the following relations [ijj : 

N m <f> = N M <t>, 
N m( p 2 = N M <t> 2 + A, 
N m (j) 3 = N M( j) 3 + 3AN M( f>, 
N m (j) A = N M (j) 4 + 6AiV A/ 2 + 3A 2 , 
N m ^ = N M <f + 10AN M 4> 3 + 15A 2 0, 
N m (j) Q = N M <f + 15AiV M( /) 4 + 45A 2 2 + 15A 3 . 



with 



A = — -Int. (2) 



Accordingly, after the application of the canonical transformation 

(0,7r)-(V> + B,n), (3) 
where II = ift and B is the vacuum condensate, we can write the Hamiltonian as 

H = Ho + Hj + Ht + E, (4) 



where 



\ (n 2 + (v^) 2 ) + ±a*v) , 



h = n m (- (n 2 + (v^) 2 ) + -mV , (5) 



H^^Nm^ + AB^) (6) 
+ ^N M (ijj 6 + 6B1P 5 + (15A + 155 2 ) V 4 + (60BA + 20B 3 ) . (7) 



Also 
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H x = \ (m 2 - M 2 + | {B 2 + A) + A (fl* + 6AS 2 + 3A 2 ) ) V> 2 
(B 2 + 3A) + | (/; ; + 10 AS 2 + 15 A 2 ) \ Bt. 



i m 2 + | 



and 



E = - f m 2 + 9 -A] B 2 + f A + A A ^) S 4 + ( 3AB 2 + A 2X A (g) 
2 V 2 / V 24 48 / 48 

+ ST^ + ( M ' - ™ 2 ) + 3 ^ A2 + W A - ( 9 ) 



Since E serves as the generating 
renormalization conditions given by 



unctional for all the 1PI amplitudes, it satisfies the 
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—E(b,t,G)=g n , (10) 

where g n is the ip n coupling. For instance, 

dE d 2 E „ 

These conditions enforces Hi to be zero and thus 

- (m 2 — M 2 + - (B 2 + A) + — (B A + 6AB 2 + 3A 2 )) = 0, 
2 V 2 24 y 

The use of the dimensionless parameters t = ^C, G — s-^ 2 -?, i/ = 71 , a and 6 2 = AnB 2 , 
leads to the following results 

G H 
(66 2 -61nt) — + (l56 4 -90£> 2 lnt + 451n 2 t) — + 1 = t, 

26^(26 2 - 61nt) ^+ (3b 4 - 306 2 lnt + 451n 2 t) A + i J = , (12) 

^ = ^ m 2 / (6 2 + |(t-l)-lnt) + (6 4 -66 2 lnt + 31n 2 t)f 
I +f (6 6 - 156 4 lnt + 456 2 ln 2 t- 151n 3 t) . 



For some specific values of G and H, one solves Eq. flTzj) to get the values of b and t. Thus, 
as t chosen to be greater than zero, the solutions determine the parameters at the minima 
of the energy density. 



The normal ordered effective potential obtained above agrees with GEP results [4] which 
in turn accounts not only for the leading order diagrams but also for all the non-cactus 
diagrams ly, ll7j]. Thus, to go to higher orders we include only non-cactus diagrams. Up to 



second order in the couplings, we have the non-cactus diagrams shown in Fig{TJ The general 
form of these diagrams contributions to the effective potential is 

L 



in- 



1=1 



L-l 



-V(g,h,B)I, 



1=1 

where V(b, g, h) represents vertices of the diagram, S is the symmetry factor (S = 2(L — 1)!), 
L is the number of loops in the diagram and I is the integral over the Feynman parameters. 
For the last diagram (5-loop diagram) I has the form 



d L x- 



i=l 



[(x 2 X 3 X4X 5 X 6 ) + (xiX 3 X4X 5 Xq) + (X1X2X3X4X5)] 



i=l 



The integral was computed numerically using Monte Carlo method when a straightforward 
integration was not possible. 

We obtained the following form for the effective potential up to second order in the 
couplings: 

/ (6 2 + |(t - 1) - In t) + (6 4 - 66 2 In t + 3 In 2 t) § \ 

+f (fe 6 - 156 4 In t + 45b 2 In 2 t - 15 In 3 1) 
-8.2979 x lO" 4 ^ - 1.005 6 x 10~ 3 ^-b 2 



E 



\ 



-8.764 6x10' 
2t 



(G + Hb 2 - Hint) 2 - 5. 425 7 x 1(T 3 & 2 ± (Hb 2 + 3G - 3H In tf ) 



subjected to the stability condition = 0. As usual, we use the renormalization conditions 
to get the renormalized couplings. For instance 



M 



d 2 E 



9r 



d A E 



and hr 



d 6 E 



3B 2) *' 8B 4 ' dB s 

Our form for the effective potential implemented a renormalization group invariance of the 
bare parameters on the scale t. However, to make sure that the effective theory and the 
original one are totally equivalent as t — > 1, we introduced a new renormalization group 



equation. Besides the scale invariance of the bare parameters m , go and h , we added the 
scale invariance of the bare vacuum energy (it is certainly zero, but we fix this zero to be scale 
invariant). In fact, normal ordering do this automatically as can be seen from Eqs.(H]). (TT^|) 
and ([T51 ). as t — > 1, the effective Hamiltonian (Eq.(J3])) tends to the original Hamiltonian 
in Eq. (pQ). For higher orders, however, without the introduction of the new renormalization 
group invariance, we can not get this equivalence and thus both theories are inequivalent. 

Our result for the effective potential verifies all the known results for the the (g<p 4 + h<ft 6 ) 
field theoretic model, second order phase transition for g > and first order phase transition 
for g < 0. Moreover, a new phase with negative condensate squared has been investigated 
for which the theory is non-Hermitian but PT symmetric. The unbroken PT symmetry 
assure the physical acceptability of the theory in this phase. 

The negative sign of the condensate squared is technical and not conceptual because it 
is related to the expected negative norm of the theory in this phase. This problem can be 
remedied by calculating the C operator of this theory and the correct inner product Q] 

(A\B) CPT = (CPT\A)f\B), 

to be used. In fact, this has been done for another model for which PT symmetric non- 
Hermitian formulation saved its validity, namely, the Lee model which was introduced in 
the 1950s as an elementary quantum field theory in which mass, wave function, and charge 
renormalization could be carried out exactly. In early studies of this model it was found 
that there is a critical value of g 2 , the square of the renormalized coupling constant, above 
which g 2 , the square of the unrenormalized coupling constant, is negative. Thus, for g 2 
larger than this critical value, the Hamiltonian of the Lee model becomes non-Hermitian. It 
was also discovered that in this non-Hermitian regime a new state appears whose norm is 
negative. This state is called a ghost state. It has always been assumed that in this ghost 
regime the Lee model is an unacceptable quantum theory because unitarity appears to be 
violated. However, in this regime while the Hamiltonian is not Hermitian, it does possess 
PT symmetry. Again, the construction of an inner product via the construction of a linear 
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However, this calculation 



operator C saves the theory from physical unacceptability 
for the model we are studying is out of the scope of this letter and it naturally becomes a 
topic of our future work to overcome the sign problem of the condensate squared. 

The parameters of the new phase (PT symmetric) as well as the vacuum energy of this 



phase for the (g0 4 + h(p 6 )i + i model are shown in Figs. [2j[3]andHl respectively ( for H = 0.1). 
As we can see from the mass parameter and the vacuum condensate diagrams, the phase 
transition is of second order type. 



2l| , its negative sign is an indication 



Since b 2 represents the number of condensed Bosons 
of antiparticles. However, the first order phase existing also for negative g (not shown in the 
diagrams) has a bigger vacuum condensate which is real and thus represent matter phase. 
Accordingly, this model may offer a scenario for the matter-antimatter asymmetry in the 
universe. 

To account for the reliability of the order of calculations we carried out, we made sure 
that the effective potential passed tests for the known features like the existence of second 
order phase transition for g positive and the existence of a first order phase transition for 



so, in the region 
. Moreover, the 



g negative. This agrees well with a previous numerical calculations [5j. A 
of interest, even mean field calculations suffices to describe the theory [22 
perturbative characteristics of the model used have been defended in Ref. [7]. 

To conclude, we calculated the effective potential of the Hermitian (g^ 4 + h<p 6 ) field 
theory up to second order in the couplings g and h. Also, in our calculation of the effective 
potential, we introduced a new renormalization group equation, namely, the invariance of 
bare vacuum energy under change of scale. Without this renormalization group equation, 
higher orders corrections to the effective potential spoils out the equivalence between the 
effective theory and the original one. We find a new phase for the Hermitian {gip A + hcffi) 
field theory. This phase turns the theory non-Hermitian but PT symmetric and thus it is 
physically acceptable. This phase may resemble the para-magnetic to anti-Ferro magnetic 
phase transition in statistical systems. We interpreted this phase as a phase of antimatter 
and it is less dense than the first order matter phase. Accordingly, this model with the new 
phase resembles matter-antimatter asymmetry. 
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FIG. 1: The non-cactus vacuum diagrams (up to g 2 and h 2 ) contributing to the effective potential 
of (|0 4 + f^ 6 ) theory. 
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FIG. 2: The reciprocal of the 1PI two-point function versus the coupling G for second order in 
the perturbation series and for H = 0.1 for the PT symmetric and non-Hermitian phase. At the 
critical coupling, we realize that the mass parameter vanishes and thus the phase transition is of 
the second order type. 
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FIG. 3: The vacuum condensate squared versus the coupling G for the second order in the pertur- 
bation series and for H = 0.1 for the PT symmetric and non-Hermitian phase. Again, the diagram 
assures the second order phase transition though for negative G values. 
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FIG. 4: The vacuum energy E as a function of the coupling G for the second order in the pertur- 
bation series and for H = 0.1 for the PT symmetric and non-Hermitian phase. 
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